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Abst ract - - In  the present paper, the approximation power of positive linear operators with equidis- 
tant nodes is investigated. New pointwise stimates are given in terms of first and second order moduli 
of continuity, showing that for positive operators having uniform Jackson orders of approximation 
one may expect interpolation at the endpoints. In particular, the first solution to Butzer's problem 
with equidistant odes is given. A negative result yields an explanation why Bernstein operators and 
some of their modifications are optimal in a certain sense. 
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1. INTRODUCTION 
In 1992, Gonska and Zhou [1] formulated the following problem. 
PROBLEM #1.  "Do there exist positive l inear operators  Lrn+s :C [0, 1] -~ I Irn+s, r E N, s E Z 
fixed, such that  
ILrn+, (f;x)- f (x), <c.w2 (f; ~ )  , (1) 
for f E C [0,1]. x E [0,1] and the constant c independent of f ,  x, and n?" 
The following weaker requests were also formulated in [1]: "Do there exist operators  of the 
type descr ibed above such that  
'Lrn+,(f;x)- f(x)l < c'wl (f; ~ )  , (2) 
or such that  
ILr.+8(f; x) - $ (x)[ _< c. ~2 (f; v f~n-  x) 
with all quant i t ies pecified as in the above?" 
1 
+ , (3) 
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In formulating these questions, the aforementioned authors were guided by 
• a result of DeVore [2] stating, roughly speaking, that in a Jackson-type inequality for 
algebraic polynomial approximation it is possible to have an upper bound as given in (1), 
and by 
• a problem formulated by Butzer [3] in 1980, in which he posed the problem to construct 
discretely defined positive linear operators giving an approximation order of O (n -a) for 
f E Lip2c~, 0 < a < 2. 
Linear polynomial operators atisfying the so-called DeVore-Gopengauz inequalities, that is, 
arbitrar# linear polynomial operators atisfying (1), were investigated in a sequence of papers 
by Cao and Gonska (see, e.g., [4] and the references cited there). However, due to the Boolean 
sum approach used in their papers, the operators from there are nonpositive. Furthermore, the 
first solution to Butzer's problem was given in 1989 by the same authors [5], but the discretely 
defined positive linear operators constructed there do not interpolate at the endpoints, and their 
positivity would be destroyed using the Boolean sum technique in order to impose interpolation 
at the endpoints. 
In 1993, Gavrea [6] was the first to construct a sequence of positive linear operators atisfy- 
ing (2), that is, a positive solution to Problem #1, but only in terms of Wl. 
In his talk at the 1995 International Dortmund Meeting on Approximation Theory, the second 
author summarized the (then) state of the art using a graph similar to the one given below. Since 
it was unknown in 1995 if there is a sequence of positive linear operators atisfying (1), some 
open problems for positive operators were summarized as follows. Let 
~Dl(X,n) = x/X(1--X) ~02(X,R)- X /~-  x) + 1 , 1 n ' and e3(x , - )  = 
be the "classical" second parameters in w2-estimates. Each of the vertices (= boxes) of the 
digraph below represented an open question. An arrow from box [A1 to box ~ meant that a 
positive answer to the question represented by box ~ would automatically ead to a positive 
answer to the question represented by box FB-1, but not vice versa. Furthermore, it should be 
read as follows. 
A box containing the string "w2: general, ~?"  represents he question if there are any positive 
linear operators satisfying (1) with V~I replaced by ~o~. Likewise, the box having "w2: discrete, tp~?" 
in it stands for the problem if there are discrete positive linear operators doing the same, and 
"w2: equidistant, ~oi?" also asks for discretely defined operators, but with equidistant nodes. 
Only recently, Gavrea [7] also solved "w2: general, ~o1?" by constructing positive linear operators 
satisfying the inequality in question. We will return to this construction i  Section 3. Moreover, 
the three authors of this paper succeeded in giving a positive solution to "w2: discrete, ~o1?" 
(see [8]). 
The question represented by "w2: equidistant, ~o3?" is answered in the affirmative in Section 3 
of the present paper. 
There are two boxes missing from the Figure 1, namely the ones for "w2: equidistant, 0i?," 
i = 1, 2. However, here the answer is negative, which follows from a result of Vdrtesi [9] treating 
even the analogous questions for the wl-case. A similar graph can be drawn with w2 replaced 
by Wl. Two earlier results to be mentioned here are the one of Szabados [10] who showed 
in 1976 that the problem representable by "Wl: equidistant, ~3?" has a positive solution (thus 
solving a problem of DeVote), and the one by Gavrea [6] where "Wl: general, ~o1?" was solved 
for the first time. Of course, our positive answer to "w2: discrete, ~o1?" implies a solution for 
"Wl: discrete, ~1?". 
The present paper supplements the information available in the following sense. For the w2-case. 
a first solution to "w2: equidistant, ~o3?" is given. Thus, in combination with our other papers 
mentioned before, all the problems represented by Figure 1 will be solved. In fact, we will prove 
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[ ~2: general, ~o3? 
i ~2: discrete, ~P3? ] I ~Z: general, ~Z? 
Figure 1. Open problems concerning a~2 estimates for positive linear operators: the 
state of the art early in 1995. 
an even stronger esult in the w2-case by giving a pointwise stimate implying interpolation at 
the endpoints of [0, 1]. This result is also the first solution to Butzer's problem which is based 
on operators with equidistant nodes and which is derived from an inequality having only w2 in 
its upper bound. In regard to the Wl-case, in Section 2 a strengthening of the result of Szabados 
will be given by showing that there exists a positive solution to "Wl: equidistant, ~37" exhibiting 
interpolation at the endpoints. Although this is also implied by our positive assertion of Section 3, 
the construction i  Section 2 is different and should thus be of independent interest. Section 3 
also contains a negative result giving a more careful analysis of how close one can get to a solution 
of "w2: equidistant, ~2?"- 
2. THE w l -CASE 
We start off with the description of a construction by Lupa~ published in 1995 [11]. Let D(n a) 
be the Durrmeyer operator defined by 
n 1 
for f e C [0,1], with a > -1. 
Let Qn be a polynomial of degree n given by 
Qn(X) -~ Z ak,nXk' 
k=O 
satisfying the following conditions: 
Q.(x) _> 0, 
an,n ~ O, 
fO 1 Vx E [0, 1] and Qn(x)  dx = 1. 
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with (a)k -- a (a+l ) . . . ( c~+k-1)  for k > 1, and (a)0 = 1. He proved that if Q,  verifies 
the conditions (5), then the operators (L(a)),eN are positive. Let d := d(n) := n - 2[n/2] 
and s := s(n) := 1 + [n/2]. Taking 
{ Ji"'°÷") 
\ -- 1,n / 
(7) 
where Js (a'#) is the Jacobi polynomial of degree s relative to the interval [0,1] and x (a) 1 < i < s, i,s ' 
~(a) < x(a) . . .  x(a) satisfying 0 < 8,8 8-1,8 < < 1,8< 1, are the roots of j(a,a+d), Lupa~ showed that the 
operators (L(n a))neN given in (6) satisfy the inequality 
f (X ) -  (L(na)f)  (x) __< C0)l ( f ;  A n (x ) ) ,  
with An(x) = 1/n 2 + (V~I  - x))/n,  I~1 -< 1/2, and the constant c independent on f ,  x, and n. 
Here we mention that in this paper the constant c denotes a positive constant which can be 
different at each occurrence. 
For f E C [0, 1], let us now consider the Bal~sz-Szabados (Shepard-type) operators (Rn)neN 
defined by 
(R~ f)  (x) = ~=0 f (k /n ) (x  - (k/n)) -4 
~-~=o(X -- (k/n) ) -4 ' 
and Lupa~' operators S(n a) -- L(na)R~ : C [0, 1] --* l-In, where L(n a) is given as in (6) with Qn 
from (7). 
For the latter operators S~ a), in [11] Lupa~ gave the following estimate: 
f S(na)f (1 )  1 - <c-w1 f; , for f E C [0,1] and [a[ < ~, (8) 
and with the constant c neither depending on / nor on n. The operators (S(na))neN are linear 
and positive. 
Using the operators S(a)we can now prove the following theorem. 
THEOREM 1. There exists a sequence of linear positive operators Hsn-2 : C [0, 1] --* H5n-2 of 
the form 
(Hsn-2f) (x) = ~ qsn-2,k(x)f , (9) 
k=0 
such that the estimate 
IHsn-2(f;x) - f(x)l <- C'Wl ( f ;1 -  P2n-l(X) q- (10) 
holds for all x E [0, 1], where P2n-1 is the Legendre polynomial of degree 2n - 1 relative to the 
interval [0, 1] and normalized such that P2n-l(1) = 1. 
The inequality of Theorem 1 can also be read as in the following corollary. 
COROLLARY 2. There exists a sequence of linear positive operators H~n-2 : C [0, 1] --* IIsn-2 of 
the form (9) such that one has 
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for all x E [0, 1], where an E C [0, 1] is a uniformly bounded function satisfying an(O) = 
~.( I )  = 0. 
PROOF OF THEOREM 1. We consider the operator Hsn-2 : C [0, 1] -~ IIs•-2 defined by 
Hsn-2 ( f ;x )= (1 -P2n_ l (x ) )S (na) ( f ;x )+P~n_ l (x ) . [ (1 -x ) f (O)+xf (1 ) ]  , (11) 
where S (a) = L(na)Rn are Lupa~' operators. 
Because P~n-1 -< 1, it is obvious that Hsn-2 is a positive operator eproducing constants. 
It is well known that for every function f E C [0, 1], one has 
[Usn-2  ( f ;x )  - f (x ) [  _~ 20)1 (f;H5n-2 (It -- X [ ;X ) ) .  
But Hsn-2 (It - x[;x) = (1 - P2n_l(x)) S(~a)([t - x[;x) + P2~_ 1 (x)-2x (1 - x). 
Using the Bernstein inequality (see [12]) 
[Pn (x)l -< ~ [x(1 - X)] -1/4, for all x E (0, 1) 
and the inequality (8), we get the following upper bound for Hsn-2([t - x[; x): 
2 ~ - x )  c+ 
Us, , -2 ( I t  - xlx) <_ (1 - P~n_l(x))  ~ . n 
[1 - P~,_l(x) + ~ "  (12) 
<_ c [ n n 
Because the operators H5n-2 are of the form (9), it follows that the assertion of Theorem 1 is 
proved. | 
The proof of Corollary 2 now is immediate after putting an(X) = 1 -P2n_ l (x  ) and observing 
that [[an[I _< 1, for all n e N \ {0}. 
One further consequence of Theorem 1 is given as the following corollary. 
COROLLARY 3. There exists a sequence of positive linear operators Hsn-2 : C [0, 1] ~ 1-I5n-2 
defined as in (9), such that for all x E [0, 1] one has 
( ~[x(l--x)]~/2[x(X--x)]~/4~~)-nl--Z" ~ n--i' _ ~ ] [Hsn-2(f;x) - f (x ) [  < c'O,)l / ;mink,  , + (13) 
with t3 e [0, 1]. 
PROOF. In order to prove Corollary 3, we need the following lemma given in [13]. 
LEMMA 4. Let P2n-1 be the Legendre polynomial of degree 2n - 1 relative to the interval [0, 1] 
and normalized such that P2,~-1(1) = 1. Then the inequality 
7r 4 
1 -P~,_ l (x )  <_ (2n-  1)--~ ~-x)  Vz 
is satisfied. 
For all 13 E [0, 1], one has 
Using Lemma 4, we get 
1 - P~._ l (x )  < (1 - P~n_l) ~ 
1 - P22n_l (x) <_ 2~/21r~nf~[x(1 - x)] f~/4. 
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Now the upper bound of Hs. -~( [ t  - x[ ;x)  from (12) becomes 
[X(1 -- X)] f3/4 
Hs,_2(lt - xl;x ) <_ c nl_~ 
On the other hand, we can write 
I" /1 1 - P~._l(X) -- P~._~(t)dt. P~._~(t)dt. 
Now using the following inequality due to Bemstein, 
[P'(x)[ < n 
maxx I.,bl I P (x ) l  - - x ) (x  - a ) '  
we obtain 
~o x x/t(i-- t )  " ~ 1dr  I -  P22n_l(X)< (2n -1)  2 . r~dt :  
t) 
PeH, ,  xe(a,b), 
_ _  = (2n - 1)2 [4-2-  arcsin2(2x - 1)]. 
But ~r2/4 - arcsin(2x - 1) <_ 7r2 /2V/~-  x) (see [13]), so it follows that 
1 - P~n_l(X) _< ~r 2~. 2 ~. n 2~. [x(1 - x)] ~/2. 
Thus (12) now implies 
Hsn-2(lt -xl ;x)  ~_ c~ nl-2-"---~ + " (15) 
The inequalities (14) and (15) lead to 
Hsn-2([t - xl; x) < c. min nT_~ , nl_f ~ )1 -l- 
which completes the proof. | 
The results given in Theorem 1 and its corollaries how that it is possible to have interpolation 
at the endpoints for operators olving "Wl: equidistant, ~a?". This cannot be read off Szabados' 
solution mentioned earlier. However, the problems "Wl: equidistant, ~27" and "Wl: equidis- 
tant, ~1?" have negative answers, and thus the theorem and the corollaries also show, in a sense, 
how to bridge the gap between the possible and the impossible. 
3. THE w2-CASE 
In this section, a result similar to that of Corollary 2 is given, but for the w2-case. However, 
it is of interest also, since it is based on a construction different from that in Theorem 1. We 
note that the first solution to Butzer's problem is given below, which is based on operators with 
equidistant nodes and which is derived from an inequality having only w2 in its upper bound. 
In particular, this is also the first positive solution to "w2: equidistant, ~3?". Our technique 
employed here is related to Gavrea's olution of the problem " • w2.general, ~1 ?". He constructed 
a sequence of positive linear operators H2n+l : C [0, 1] - .  H2n+l, defined in the following way. 
Let Ln : C [0, 1] --* 1-In be of the form 
n--I  1 
(Lnf) (x) = f(0)(1 - x) n + xnf(1) + (n - 1) Zpn,k(x) [ Pn-2,k-l(t)f(t) dr, 
k-~l Ju 
where Pn,k(x) --- (~)x~(1 - x) n-k, n ---- 0, 1, . . . .  
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We consider the Jacobi polynomial Jn (1'0) relative to the interval [0,1], normalized by the con- 
dition Jn (1'°) (1) = 1, and the polynomial 
fo x (jn(l,O,(t)~2 2n-1 
P2n-,(x) = An \ t----~n ) k=l dt : ~ ak xk, 
where 
1 
I1(1 - x) \ x-x~ / 
and xn is the largest root of the polynomial j(x,0). 
Then the operators H2n+l are given by 
2n- 1 
H2n+lf-- Z k-~l Lk+2f" 
k=0 
(16) 
For these operators, Gavrea proved that 
(17) 
Using this construction we can now show the following theorem. 
THEOREM 5. There exists a sequence of linear positive operators T2n+l : C [0, 1] --* I'I2n+l Of the 
form 
(T2n+lf) (x) = ~ q2n+l,k(x)f (k) 
k=0 
satisfying the inequality 
IT2n+l ( f ;x ) - f (x ) l<-c 'w2( f ; ° tn (X)+~)  ' n  (18) 
where an E C [0, 1] is a uniformly bounded function such that an(0) = an(l)  = 0. 
PROOF. We consider the operator 
( s . f ) (x )= : ~ , ,  ~ , , 
where, for mutually distinct a, b, c, we denote by [a, b, c; f(t, x)]t the fact that the divided difference 
is applied on the variable t. 
This operator has the following properties (see [14]): 
(i) Sn : C [0, 1] --* C [0, 1] is positive and linear, 
(ii) (Snf)(k/n) = f(k/n), k = 0, . . . ,  n, 
(iii) Snei = ei, i = 0, 1, 
(iv) Sn(f~x,1)(x) = (Zn(X)(1 - Zn(X)))/n, 
Sn(f~x,2)(x) = (zn(x)(1 - Zn(X))/n 2, 
where f~x#(t) = It - xl ~, i e N and  zn(x )  = nx  - [nx].  
Note that Snf  is the piecewise linear continuous function that interpolates f at the points k/n, 
k=O, . . . ,n .  
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We define now the operators T2n+l = H2n+l Sn, and we will prove in the sequel that these 
operators atisfy the inequality (18) from the theorem. We have 
T2n+l (f~x,2(Y)) (x) = H2n+l (Sn(y - ~)2; u)(x) + H2n+l ((u - x) 2) (x). 
Using property (iv), we obtain 
T2n+l (~z,2(y) ) (x) : H2n+l ( zn(u) (1 -  zn(u) ) n~ (x) + H2n+l ((u - x) 2) (x). (19) 
We will need here the following result established by Gonska and Kovacheva in [15]. If L is a 
positive linear operator defined on C(I) with Leo = eo, Lel = el, then for f e C(I), x • I and 
each h, h • (0, (1/2)], we have 
, (Lf ) (x)- f (x) ,  ~_ [3dr 3h-2L ((e I --X)2;X)] w2(f;h ). 
We can thus write 
9 ( ~T2n+l ) (20) I (T2 .+ l f ) (x ) - f (x )  I < ~w2 f; (~'~z,2) • 
Using the relation (19) and the fact that 
(H2n+l~z.2) (x) <_ c" - -  
we get the upper bound 
x(1 -x )  
n2 
(T2 .+ ia~,2)  ix)  _< c + , 
where an(X) = ~/H2n+l (Zn (1 -- Zn)) (X). 
Thus, the latter inequality together with (20) lead us to the estimate 
' (T2n+l f ) (x ) - f (x ) l<c 'w2( f ;an(x )+~)  " n
Because (H2n+a(zn(1 - zn)))(0) = (H2n+l(z,(1 - zn)))(1) = 0 and 0 < zn(1 - zn) < 1/4, we 
obtain the statement of the theorem. | 
The result of Theorem 5 raises the question what else one can expect from positive linear 
operators with equidistant nodes. Our next theorem shows that the problem represented by 
"w2: equidistant, ~o27" has a negative answer. Hence, this is also the case for "w2: equidis- 
tant, ~o1?". Although this is also a consequence of Vdrtesi's result mentioned earlier, the following 
assertion contains an even stronger esult. 
THEOREM 6. There do not exist positive linear operators Ln : C [0, 1] --+ C [0, 1] given by 
' 
(nnf) (x) = Z qn,k(x)f 
k--0 
and satisfying the estimate 
'Ln( f ;x ) -  f(x)l <c'w2 ( f; ~ + °tn ) - n a ~-K (21) 
with a > 1/2 q- e and b > 3/2 + ~1, ~ > 0, $1 ---~ 0 and I~.1 -< M. 
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PROOF. We write xk,n = k /n .  Assume that  there exist operators Ln : C [0, 1] --* C [0, 1] satisfy- 
ing the hypothesis of the theorem. Then the following conditions hold: 
qn,~(x) >_ O, for i ---- 0, 1 , . . . ,  n, 
n 
Z q~,k(X) . Xk,n = X, and 
Oln 
(Lne2) (x) < x 2 + 2c x) + ~ . (22) 
We have 
k=l 
Thus, the inequality (22) becomes 
X'X l ,n~_X2"{-2c(V~ x) 
(Lne2)  (x) = qn,k(X)" X2 k,n ~-- Xl,n " Z qn,k" Xk,n = Xl,n" X. 
k=l 
an + for all z e [0,1]. 
Taking x -- 1In 2 in the latter inequality, we obtain 
1 1  
• 1,.. V ___ ~ + c ~-+5 + ~ 
For a = 1/2 + e and b = 3/2 + el,  this becomes 
1 .2( -1/n2 )2 
xl,n _< ~-5 ÷ c" ~, nST2~-~e + na/2+~ ' 
W.l.o.g., we may suppose e > c1. We will t reat  separately the cases ¢1 > 0 and el = 0. We 
handle first the case ~1 > 0. This leads us to the following: 
1 C 
xl,~ <_ ~ + nl+2~ • 
The latter inequality implies that  
lim n .  Xl,n = 0. 
n---~ OO 
But limn-~oc n .  Xl,n -- limn-.oo n.  1 /n  = 1, so we have a contradiction. 
For the case el = 0, it follows from inequality (22) that  
(v~-x)  - .  )5. 
x .  Zl,~ _< x 2 + 2c 7/2T~" + n -~ 
Taking x = 1/n 3/2 in the latter inequality, we get 
1 2c 
Xl,~ < ~ + n1+2----- 7. 
This implies that  limn-~c¢ n.  Xl,n = 0, leading us again to a contradiction. | 
REMARK 7. Looking back at the est imates of Theorem 6, all cases with e > 0 are clearly covered 
by that  result. For the extremal case e = 0 (not covered by Theorem 6), of course, there exist 
positive linear operators with equidistant point evaluations: the classical Bernstein operator,  
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their Stancu modification L {a'~'°'°) m,0 with c~rn -- O(1 /m)  (see [16], for example), or the modified 
Bernstein operators Pn,s of Stancu investigated in [17]. For all operators Ln mentioned before, 
one has inequalities of the type 
[(Ln/- f) (x)) < c .w= (f; ~ ~  -- ~ rtl/2 ) (23) 
with c independent of f ,  x, and n; but still depending on the sequence (Ln). 
Clearly enough, these operators also satisfy (23) with a positive term of the form an/n  b added. 
But it does not make sense to discuss this any further, since Theorem 6 is showing that  Bernstein 
operators and some of their Stancu modifications are indeed the "perfect equidistant ools" to 
have inequalities of the type (23). 
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